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0. Introduction 
This note was motivated by a paper of Handelman [8] in which he proves that 
for finite AW*-algebras the algebraic K, is the abelianized group of units. This 
result suggested that the same may be true for any C*-algebra satisfying unitary 
I-stable range (see below for definitions), and led to Theorem 1.3. These alg&ras, 
cf. [ 141, are precisely those C*-algebras R whose group of units is dense in R, and 
they include AW*-algebras of finite type and AF C*-algebras [8]. Trying to obtain 
analogous results for regular rings, we shall describe KI for any unit regular ring 
(Theorem 1.6). In [7, Theorem 2.41 it is claimed that the KI of a unit regular ring 
is the abelianization of its group of units. However it is not true. The ring of 2 x 2 
matrices over the field of two elements is a counter-example (this was first noted 
by Vasershtein [16, p. 3871); as we shall set! (Theorem 1.7) this is the only exception 
if the ring is simple and unit regular. For nonsimple unit regular rings we offer some 
sufficient conditions for K1 to be the abelianization of its group of units. This is 
the case if 2 is invertible in R. We note, with an example, that it is not true when 
R is a regular ring with stable range 2. 
In Section 2 of this paper we prove that any invertible matrix over a factor ring 
of a right self-injective ring is a product of elementary matrices. This is useful in 
computing K, for regular right self-injective rings (Theorem 2.6). As an application 
of this work we are able to show that the group of units of a purely infkite regular 
right self-injective ring R is perfect and generated by transvections, i.e. units of the 
form 1 +x, with x 2 = 0, This has been obtained by Rosenberg [ 151 in the case where 
R js the endomorphism ring of an infinite-dimensional vector space over a division 
ring. It is then a simple matter, by using [12, Theorem 4.41, to obtain some infor- 
mation on the structure of the group of units of a simple factor ring of a purely 
infinite right self-injective ring (Corollary 2.3). Finally we obtain a result on ‘lifting 
units’ for right self-injective rings (Theorem 2.12). 
We ~ilso prove the analogous results for AW*-algebras. The techniques are similar 
to the self-injective case excc;;;t he proof that any invertible matrix over an 
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AW*-algebra is a product of elementary matrices 
methods. 
1. Rings with stable range 1 
Let us fix a ring R with 1 and denote by U(R) its group of units. If G is a group 
which requires some different 
and G’ its commutator subgroup, then Gab denotes G abelianized, that is G/G’. 
GL,(R) denotes the group of units of M,(R), the ring of all n x n matrices over R. 
Let eti E M,(R), 1 s i, js n, be the usual matrix units. Define E,(R) as the subgroup 
of GL,(R) generated by all matrices of the form 1 + reij, r E R, i# j; and GE,(R) as 
the subgroup of GL,((R) generated by E,(R) and the subgroup of invertible 
diagonal matrices &(R). If GE,(R) = GL,(R) we say R is a GE,,(R)-ring, and R is 
a GE-ring if it is a GE,-ring for all n. If R is a GE,-ring, then E,,(R) is a normal 
subgroup of GL,(R) and hence GL,(R) =D,,(R)E,,(R). 
A ring R has stable range 1 if for all pairs a, b of elements in R, aR + bR = R 
implies there exists an element c in R such that a + bc is a unit [l]. If the c may be 
chosen to be invertible, then we say R satisfies unit l-stable range; and following 
[8] we say a C*-algebra satisfies unitary l-stable range if the c may be chosen to be 
unitary. It is a well-known fact that every ring with stable range 1 is a GE-ring. 
We are interested in the kernel of the natural map f : U(R)-+&(R) especially in 
the case where the map is surjective, where we shall write K,(R) = U(R)/Ker f. 
Let us examine a particular type of element of Kerf. Write 
where the p are the continuant polynomials. Thus 
P( I=l, pW=a, 
p(a,b)=ab+ 1, 
p(a,b,c)=abc+a+c, 
p(a,b,c,d)=abcd+ab+cd+ad-: 1. 
Recall that for nz2 
(2) P(tl,...,t,)=P(t*,...,f,_,)t,+p(t,,..*,t,_2), 
01 P~t2,...,~,-,Ip(t,,...,t,)-P(f2,~~~,fn)p(tn_~,*~~,t,.~=(-l)n, 
(4) PU 1,***,tnlp(tn-1,***,t,)=P(tl,.*.,tn-,)P(tn,...,tt,‘* 
bb~ suppose p(a, b, c) happens to be a unit in R. From (2) it is :.:’ :ar that 
there is a unique d in R such that p(a, b, c, d) = 0. By (4), p(a, b, c)p(~, C, b, a) = 
p(a, b, c, dlp(c, b, a) = 0, so p(d, c, b, a) = 0. Now by (3), 
P(C, blp(a, b, c, d) - P@, 6, a)p(b, c, d) = 1, 
p(b, clp(d, c, b, a) - p(b9 c, dIp(c, b, a) = 1, 
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so g(c, b,a) is a unit with inverse -p(b, c, d). From (1) it follows that 
(5) { Ha9 b, GP(G b, a)-* : ph b, c) E U(R)) 
lies in the kernel of the natural map 
U(R)-+GE2(R)/E2(R), u- 
We denote by W(R) the subgroltp of U(R) generated by (5). 
In particular, if p(a, b) =p(a, b - 1,l) is a unit, then p(b, a) =p( I, b - 1, a) is a unit 
and we denote by V(R) the subgroup of U(R) generated by 
(6) { p(a, Mb, a)- ’ : PM, 6) e W) 1 l 
We remark that the subgroup 
notation it is E(l, R, R)) and he 
1.21). 
V(R) is defined by Vasershtein [16, p. 3841 (in his 
also notes that U(R)% V(R) [16, proof of Corollary 
Lemma 1.1. 
(0 
where u, v are units, then uv E V(R). 
(iii) If 
(L D(:, :)(: Y)(:, Y)=(: iv) 
where u, v are units, then uv E W(R). 
(iv) In (iii) If c is a unit, then uv E V(R). 
Proof. (i) If u, v are units, then uv= 1 +av, vu= 1 G va where a= u- v-l, so 
uvu-lv-l = (1 -+ av)(l + va)-’ E V(R). The rest of the inclusions were noted above. 
(ii) and (iii) have similar proofs; we only verify (iii). From (I), u =p(a, b, c) and 
d is the unique element of R such that p(a, b, c, d) = 0, so by the above discussion 
uv= --PM, b, clp(b, c, d) = p(a, b, c)p(c, b, a)- ’ E W(R). 
(iv) Right multiplying (iii) by 
and noting 
(; y)=(:, ‘r’)(f -:‘> 
P. Menal, J. Moncasi 
we see 
so by (ii), UCUC- ’ E V(R), so DUE V(R) since U(R)% V(R). Cl 
Theorem 1.2. (i) rf R has stable range 1, then K,(R) = U(R)/ W(R). 
(ii) If R has unit l-stable range, then KI (R) = U(R)/V(R). 
(iii) If there is m E: 2 and R = R” as left R-modules, then K,(R) = U(R)/V(R). If, 
in addition, R is a GE,-ring, then K,(R) = u(R)% 
Proof. (i) Bass [l] showed that if R has stable range 1, then K,(R) = C&(R)/E,(R) 
so it remains to consider the map 
(7) U(R)-+GL,(R)/E,(R). 
Consider any 
Since R has stable range 1 there is an element such that a+ bt is a unit, so in 
(:’ :)=(c bj\: l)9 a b\[l 0 
a’ is a unit. Thus 
(;: ;)(:, -o;lb) = (;: ,_,rb.l,) 
SO every element of GL2(R) can be written in the form 
In particular (7) is surjective so the maps 
(9) I/(R)/V(R)-,GL,(Rj/E2(R), 
(loj U(R)/ W(R)-+GL,(R)/E2(R) 
are surjective. We claim that if 
then UD= U’V’ (mod V(R)). In fact (11) shows 
(:, ;)(c:c’ y)(;; -f)=(yy v-.v!) 
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so as in Lemma l.l(il), 11~‘u’D-‘U’E V(R) as claimed. Hence we have iz w41-defined 
map 
(12) CL,(R)+ U(R)/V(R) 
sending (8) to MD (mod V(R)). However it is not clear that it is a homomorphism. 
We want to show that (12) induces a map 
(13) GL,UO/EzW--+ WWWQ, 
so we have to show the fibres of 
GL2(R)-+ U(R)/ W(R) 
are left E2(R)-cosets. Clearly the fibres are closed under left and right multiplica- 
tion by elements of the form (L y). So it remains to show they are closed under left 
multiplication by (!] A). Thus consider 
(14) (“, ;>(: f)(:, ;)=(:: f-f>(:, y)(: Y)* 
Then 
so by Lemma l.l(iii), v-*u’u-‘V’E W(R) so uv =u’v’ (mod W(R)). This proves we 
have a map (13); since the composite 
U(R)/ W(R)-+GL2(R)!E2(R)-+U(R)/ W(R) 
is the identity map, (10) is injective so is an isomorphism, and (13) is its inverse. 
(ii) If R has unit l-stable range, then in (8) we can assume c is a unit, so in (14) 
we can assume c’ is a unit and now by Lemma l.l(iv), v-‘u’u%‘E V(R), so (9) is 
an isomorphism in this case. 
(iii) Suppose 
QO 
CY = 0 : . 9 P=(bo-Pm) am 
are mutually inverse matrices and let w : R 3 M,(R) by I&) = crrji?. Let y,, denote 
the isomorphism Mmn(R) q n/r,n+ l(R) resulting from applying w componentwise. 
Then we have a commuting diagram 
U(R) 
/ I 
/ I 
k! 
U(R) A 
1 
GL,JR) 
WO 
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where 
and s= v/0$0, 
so s(g)=rBog~o+P1~1+ “‘+Pm~m =#Io(g - 1)~~ +1. Thus, as observed by Farrell 
and Wagoner [4; Corollary 1.81 
Sab Sab 
K,(R) = lir~ U(R)ab - U(R)ab - U(R)ab -_3 . . . 
> 
. 
Now &(g - l)ao+ 1 =(g - l)aopo+ 1 (mod V(R)), so s(g)=g (mod V(R)). On the 
other hand 1 is a sum of two units and, by [l, Lemma (1 .a)], E,(R)5 GL2(R)‘, and 
by Lemma 1.1(i), V(R) 5 Ker qtb, so V(R)/U(R)% KI. i sab, so sab is idempotent. 
Hence Kr (R) = U(R)ab/Ker sab, so Ker sab= V(R)/U(R)’ and we see K,(R)= 
U(R)/V(R). 
If R is a GE,-ring, then qorb is sujective, so sab is surjective, so must be the 
identity map and K,(R) = W(R)ab. il 
Becall that a C*-algebra is a Banach c-algebra with an involution * such that 
Il=*ll = 11412* 
Theorem 1.3. Let R be a P-algebra satisfying unitary 1 -stable range. Then 
K,(R) = U(R)ab. 
Proof. By Theorem 1.2(ii) it suffices to show V(R) = (I(R)‘. Thus consider a, be R 
such that 1 + ab is a unit. Suppose there is a unit t such that u = 1 -at, w = 1 + t-lb 
are both units. Then 
1 +ab=o+ w-uw=wo-‘(o+ w-DW)W% (mod U(R)‘) 
Now R satisfies unitary l-stable range and R + a(1 + II bII)R = R, so there is a 
unitary u such that 1 - a( 1 + II b II ) u is invertible and also 1 + ~~‘(1 + II bll)-‘6 is in- 
vertible since Ilu-‘(l+ IIbll)-‘b11 s IIbII/(l+ IIbll)< 1. So t=(l+ IIbll)u is the desired 
unit and U(R)‘= V(R), K,(R) = U(R)ab. 0 
Remark. It follows from the proof of Theorem 1.3 that for any a, bE R there exists 
a unit t such that t-* -a, t+ b are both units. By a careful inspection of the proof 
of [3, Theorem (4. l)] (cf. also 19, Theorem 21) we may conclude that R is universal 
for GE, (cf. [3] for definitions). 
A ring R is said to be regular (von Neumann) if for every x E R there exists y E R 
such that x =-#Yx. If y can be chosen to be a unit, then R is called unit regular. By 
a Theorem of Fuchs and Kaplansky [6, Proposition 4.121 the unit regular rings are 
those regular rings with stable range 1. 
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roposition 1. . (i) Let R be a regular ring. Then 
U(R)‘U ( 1 + a : a E R, a nilpotent) 5 V(R). 
(ii) If R is a unit regular ring, then V(R) is generated by U(R)’ together with 
(l+er(l-e):e,rER,e idernpotent). 
Proof. (I) Let aE R and choose b, E R such that a”b,,a” = art for all n L: Oj thus 
b0 = 1. If 1 + a”b, _ l is a unit, then we have 
1 +a”b,_I= 1 +a”b,a”b,_,~l +ab,aa”-‘b,_,a”-’ 
= 1 +ab,a”~ 1 +anf’b, (mod V(R)). 
If a is nilpotent, then 1 + a is invertible, so by the above relation 1 + a = 
1 +abO= 1 + a”b, _ 1 for all n 2 1. But for large n, an = 0. So 1 + a E V(R). 
(ii) Let H be the subgroup of V(R) generated by U(R)’ together with the 
1 + er(1 -e). Obviously H is a normal subgroup of U(R). Observe that for any 
1 +erE U(R), 1 +er=(l -er(l -e))(l +er) (mod H)= 1 +ere and by symmetry 
1 + er= 1 + re (mod H). 
Now consider any 1 + ab E U(R), so a= ue for some unit u, idempotent e. 
Then 1 + ab = 1 + ueb= 1 + ebu (mod U(R)‘) = 1 + bue (mod H) (by the foregoing) 
=1-t-ba. q 
Lemma 1.5. Let R be a ring and .let e E R be an idempotent. Then 
(i) If e is a sum of two units in eRe, then every element of 1 + eR( 1 - e) is a simple 
commutator. 
(ii) If either e or 1 - e is a sum of an even number of units in eRe or (1 - e)R(l - e) 
respectively, then 1 + eR(l - e) c U(R)‘. 
Proof. Set I= {x E R : 1 + ex( P - e) E U(R)‘}. Since 
and 
(1 +ex(l -e))(l -tey(l -e))= 1 +e(x+y)(l -e) 
(1 +ex(l -e))-‘= 1 -ex(l -e), 
I is an additive subgroup of R. Suppose u is a unit in eRe. Then u + 1 - e E U(R) with 
inverse u-l + 1 -e. But then we have 
(u+ 1 -e)(l -ex(l -e))(u-‘+ 1 -e)(l +ex(l -e))= 1 +e(l -u)x(l -4). 
If wfz now assume - u is a unit of eRe, we see that (i) follows. The above relation 
shows that (1 - u)R 11, for all u E U(eRe). In particular, 2R i I. Now assume e is 
a sum of an even number of units of eRe, e= Cf”l cq. Then 
(2n- l)ex= t (1 --@exe1 for all xER, 
i=l 
hence eR 5 I and so R = I (clearly we also get the same equality if 1 - e is a sum of 
even number of units of (1 - e)R(l - e)). The result follows. Zl 
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Theorem 1.6. Let R be a unit regular ring. Then K,(R) = U(R)/V(R). 
Proof. By Theorem 1.2(i) it suffices to prove W(R) = V(R). Thus consider x, y, z E R 
such that u =2+x+ qyx is a unit. Set u=z+x+xyz We must show u=v 
(mod V(R)). 
Suppose first e = z is idempotent. Then 
u=(l -ey(l -e))u=e+x+eyex= 1 +(l +eye)(x-(1 -e)) 
= 1 +(x-(1 -e))(l +eye)=e+x+xeye 
= v( 1 - (1 - e)ye) = v (mod V(R)). 
In the general case, let a! E U(R) such that e = zcy is an idempotent. Then we have 
ua! = e + XCT + e(&y)(x@ = e + x~! + (xa)(&y)e 
= va (mod V(R)) 
by the above paragraph. Therefore u= v (mod V(R)) as desired. q 
A ring (not necessarily artinian) is termed simple if it has no nonzero two-sided 
ideals. 
Theorem 1.7. Let R be a unit regular ring. 
(i) Assume that for every non-central idempotent eE R either eRe or 
(1 - e)R(1- e) have not Z/22 as a homomorphic image. Then LJ(R)ab = K1 (R) (t.iis 
is the case if 2 is invertible in R). 
(ii) If R is simple, then KI (R) = W(R)ab if and only [f R #M,(Z/2Z). 
Proof. (i) First we note that for any unit regular ring 1 is a sum of an even number 
of units if and only if Z/22 is not a homomorphic image of R, the ‘only if’ part 
being obvious. Conversely assume R has not Z/2Z as a homomorphic image. Let 
N be the subring (without identity) of R generated by the nilpotent elements. By (6, 
p. 271 N is an ideal of R and R = R/N is abelian. If 1 is not a sum of an even number 
of units in R, then the same is true in some indecomposable factor ring of R which 
must be a field and SO the field of two elements contradicting the hypothesis. Since 
R has stable range 1, units in R can be lifted to units in R [8, Lemma 8(a)] and, 
from the fact that every nilpotent (and hence every element of N) is a sum of an 
even number of units, the result follows. 
Since eRe is unit regular for every idempotent eE R, we see by the above, Lemma 
1.5(ii) and Proposition 1.4(ii) that V(R) = U(R)‘. By Theorem 1.6, (i) follows. 
(ii) If R =M2(Z/2Z), then V(R) = U(R) but U(R)/U(R)‘= Z/22. 
Suppose KI (R) f U(R)“b. Ry (i) there is an idempotent e#O, 1 such that eRe= 
Z/2Z, (1 - e)R(l - e) = Z/22 (note that both eRe and (1 - e)R( 1 -e) are simple). Let 
a E R an element such that ea(1 -e) $0. By regularity there exists b E R such that 
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ea( 1 - e)bea( 1 - e) = ea( 1 - e), 
hence ea( 1 - e)be and (1 - e)bea(*l - e) are nonzero and so 
ea( 1 - e)be = e, (1 -e)bea(l -e)= 1 -e. 
Thus eR = (I- e)R. Therefore R = M,(eRe) = Mz(Z/2Z). III 
Example. There exists a regular ring R with stable range 2 such that 2 is invertible 
in R and W(R)‘+ V(R). Moreover KI (R) = U(R)/V(R). 
Choose a field K, K# Z/22. Let V be a countable-dimensional K-vector space, 
and set T=EndK(V). If eo,el,... is a basis of V, define a, b E T hy 
4e0) = 0, ate;+ 1) =ei, 
Neil = ei + 1 for all i 20. 
Set M= {XE T: dimR X( V)< 00). There exists a K-subalgebra of T, R, containing, 
a, b and such that R/M= F is the quotient field of K[aJ where d = L? + 121 (cf. [ 13, 
Example I] for details). 
Let e denote the projection of V onto eoK, so e = ba is an idernpotent. Since 
ab = 1 we have 
ke+ 1 -e=(l +(k- l)ab)(l +(k- l)ba)-’ E V(R), 
for every keK*s T. 
Let x E U(R) n (1 + M). Then x may be represented by a matrix of the form 
(*) 
1 
where A is a finite matrix. If k is the matrix determinant of A we see that 
x(k-‘e+ 1 -e) E U(R)‘. Hence XE V(R). Since R/M is a GE-ring and A&+ A’ has 
stable range 1, it is easily seen that R is a GE-ring. So the natural map 
f: U(R)-+K,(R) is onto. Suppose XE Kerf. Then 
for some nr 1. Since R/M is commutative we see that A-E 1 + M. By the above 
x e V(R). Thus U[R)/V(R) = M,(R). 
Let H be the subgroup of U(R) consisting of all units of the form &~,~a~~, 
c,, E K. Then it is not difficult to see that U(R) = U(M + K)H. Shce U(M-+ K) is a 
normal subgroup of U(R) and ff is an abelian group we see that U(R)‘= b/‘{ .l+f + A’)‘. 
Suppose V(R) = U(R)‘. This would imply that ke + (1 -- e) E U(R)‘= U(M + K)’ 
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for all k E K ? Note that any finite set of U(R)n (1 + M) may be represented 
simultaneously by matrices of the form (*). So there exists g E U(M + K) such that 
g- ‘(ke+ 1 - e)g is of the form (*) where A E G&(K) for some n. From this we get 
fk 07 
B-‘=A 
for some BE GL,(K). 
Since K is commutative k = 1. Thus K = Z/22 contradicting the choice of K. Cl 
2. Regular right self-injective rings and AW*-algebras 
Recall that a C*-algebra R is said to be an AW*-algebra if for every subset S of 
R its right annihilator, r(S), is generated by a projection e, that is r(S) =eR; and 
R is a Rickart C*-algebra, if for all x in R, there exists a projection e in R such that 
r(x) = eR . 
TWO idempotents e, f of a ring R are said to be equivalent, writen e-f, if there 
exists XE eRf, y ~fRe with xy=e, yx=f. If e, f are projections in a ring with involu- 
tion and we can choose y =x*, then e, fare said to be *-equivalent. If e, fare projec- 
tions in a ring with involution, write es f if eR= fR or, equivalently fe=e. This 
relation makes the projections into a partially ordered set. In the case where R is 
a Rickart C*-algebra the set of projections form a &-complete lattice, that is every 
countable set {e,,} of projections has an infimum A e, and a supremum V en, cf. 
[2, p. 451. A Rickart C*-algebra is said to be purely infinite if 1 is the supremum 
of a sequence of orthogonal projections all *-equivalent o I. A Rickast C*-a&bra 
is said to be finite provided that e - 1 implies e = 1. By a theorem of Kaplansky, cf. 
[lo, p. 2401 and [11, p. 64; Ext. l(b), p. 651, any AW*-algebra is a direct product 
of a finite algebra and a purely infinite algebra. We recall that any regular right self- 
injective ring has an analagous decomposition [6, Proposition 10.21, Theorem 
10.161; any regular right self-injective ring R is a direct product of a unit regular 
ring and a purely infinite ring. Here the term purely infinite means that R, viewed 
as right R-module, is the injective hull of a free right ideal of countable infinite 
rank. 
If A is a right R-module, the notation BsA means that B is isomorphic to a sub- 
module of A. Recall that a regular ring R satisfies general comparability provided 
that for every x, _Y E R there exists a central idempotent eE R such that exR s eyR and 
(I -e)yRs(l -e)xR. 
ma 2.1. (i) Regular right self-injective rings satisfy general comparability [6, 
Corollary 9.1 S]. 
(ii) If A and 23 are injective right modules uch that A s B and BsA, then A = B 
16, Theorem 10.141. 
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(iii) Let A and B nonsingular injective right modules over a ring R, and kt n be 
a positive integer. Then if nA = nB, A = B [6, Theorem 10.341. 
Theorem 2.2. Every factor ring of a right self-injective ring is a GE-ring. 
Proof. We shall prove that a ring satisfying the following property is a GE-ring. 
(a) If al, . . . . a,, E R and CF=, aiR = R, then there exists a ring decomposition 
R=e,R@..-@e,,R such that 
ei=xiaiyi, Xi, yi e R- 
Let A E GL,(R), n1:2. Let (al, . . . , a,) be the first row of A. With the notation 
used in (a) and by cutting down to each eiR, we may assume, in order to prove 
A fz GE,(R), that xa2y = 1 for some suitable X, ye R. 
Note that ir any ring a relation ab = 1 implies 
Define 
P= 
X 0 
1 -a2Yx a2y 
0 
xa2 0 
1 -.w2 Y 
@l 
1 . 
. . . i 
0 lJ 
By the above remark, P and Q belong to GE,,(R). Then we have that the first row 
of PAQ is of the form (*, 1, *, . . . , *). Thus by using elementary transformations we 
can obtain from A a matrix of the form 
1 0 l -- 0 
( > 0 * : . 
The result follows by induction on n. 
Now let R be a right self-injective ring and let J(R) be its Jacobson radical. Then 
by [5, Theorem 2.211, R/J(R) is a regular right self-injective ring. If S is any fr;ctor 
ring of R, then S/J(S) is a factor ring of R/J(R). It is well known that a ring S is 
GE if and only if S/J(S) is so. Fdow S/J(S) is a direct product of a unit regular ring 
and a factor ring of a purely infinite regular right self-injective ring. Since unit 
regular rings are GE-rings and (a) is inhe:-eted by factor rings, the result will follow 
if we prove that any purely infinite regular right self-injective ring satisfies (a). 
We proceed by induction on n by assuming that Cy=, aiR= R instead of 
c y=, aiR = R. The case n = 1 being obvious. Write C:;, aiR = eR, for some suiiable 
idempotent e in R, then eR@(l - e)qR = R. By general comparability there exists 
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a ring decomposition R - S x T such that eSs (1 - e)a, S and (1 - e)q T%eT. But 
then we have 
2S==S=eS@(l -e)a$r2(1 -e)a+ZS, 
so S=(l -e)aJ, hence 1 =x1(1 -e)alyl in S. Also 
2T== T==eT@(l -e)a,Ts2(eT)r;2T, 
so Cy;, ai Tz T, and, by induction the result follows. q 
By [ 12, Theorem 4.41 and Theorem 2.2 we obtain the following corollary which 
is a generalization of [ 12, Theorem 7.41. 
Following [12, p. 1171 we say that U(R)’ is essentially simple if the quotient of 
U(R)’ by its center is simple. 
Corollary 2.3. Let R be (I right se/j-injective ring containing n x n matrix units for 
some n 2 3. If S is any simple homomorphic image of R, then U(S )’ is essentiah’y 
simple. c7 
From the proof of Theorem 2.2 we have 
Remark. If R is a simple ring such that for each nonzero x E R there exist y, 2 E R 
with yxz = 1, then R is a GE-ring. 
Using well known results and the above remark we obtain: 
Corobry 2.4. Let R be an A IV*-algebra und [et S be a simple factor ring of R. Then 
U(S)l is essentiajly simple. 
Proof. Let R =A x B where A is finite and B is purely infinite. Then either 
(i) A+S or (ii) B--+6. 
In the case (i) S is a finite AW*-factor, cf. [J, Theorem 45.11 and the result is 
due to Dieudonne and Kaplansky, cf. [12, Theorem 6.51. 
(ii) By [2, Lemma 45. lo] any nonzero right ideal of S contains a nonzero projec- 
tion. By [12, Theorem 3.101 the result will follow if we prove that S is a GE-ring 
(note that nS=S for all nz 1). We write x-2 for the map B-6 If W#& then by 
[2, Lemma 45.21, we can choose a projection e E B such that O#&%$. Since if R 
is a finite AW*-allgebra, then every simple factor ring is also finite, we may assume 
2(eB) =t eB, so that 2(~iS) = PS. But S is simple so SS~S. This implies that aeb = 1 
for suitable a, b E S. 
Thus we have shown that for any nonzero x E S there exist elements r, s E S with 
rxs= 1. The result follows from the Remark. 0 
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Lemma 2.5. Let R be a regular ring such that Mz(Z/2Z) is a homomorphic image 
of R. Then V(R)+ U(R)‘. 
Proof. Suppose - : R-+M,(Z/2Z) is a surjective ring homomorphism. Set 
e=(:, i), x=(i i). 
Since R is regular, idempotents can be lifted from factor rings [6, Proposition 2.181; 
so we may assume e is idempotent. But then 1 + ex(1 -4) belongs to V(R) and 
i + ex(i - ij) $ GL2(Z/2Z)‘. So V(R) * U(R)‘. III 
Theorem 2.6. Let R be a regular right self-injective ring. Then 
(i) Kr (R) = U(R)/V(R). 
(ii) V(R) = U(R)’ if and only if Mz(Z/2Z) is not a homomorpl* n image of R. 
Proof. (i) Decompose R into two parts, RI unit regular, and Rz=2R,. Hence 
K,(R) =Kl(R,)@Kl (R2). The result follows from Theorem 1.6 and Theorem 
1.2(iii). 
(ii) The ‘only if’ part follows from Lemma 2.5. Conversely, note that if R is 
purely infinite, the result follows from Theorem 1.2(iii) and Theorem 2.2. Hence we 
may assume R is unit regular. By Proposition 1.4(ii) we need only to show that 
1+ eR( I- e) c U(R)‘. In fact, we will prove that every element in 1 + eR( 1 - e) is a 
simple commutator zivu-’ v-l. 
(a) R is of type If. Assume R#Ml(Z/2Z) is a simple artinian ring. Then for 
each idempotent e either e or 1 -e iq a sum of two units in eRe or (1 - e)R( 1 -e), 
respectively. By Lemma 1.5(i), every element in I + eR( 1 - e) is a simple com- 
mutator. If R has primitive factor rings artinian, then its indecomposable factor 
rings are simple artinian, cf. [6, Corollary 6.71. A standard application of’ Zorn’s 
Lemma proves that in this case the elements in 1 + eR( 1 - e) are simple commutators 
and, clearly, the same is true if R is an arbitrary direct product of regular rings 
whose primitive factor rings are artinian, in particular if R is of type If, cf. [6, 
Theorem 10.241. 
(b) R is of type IIf. Let v E R be an idempotent. Then eRe is also of type lll. So, 
by [6, Proposition 10.281, eRe is a 2 x 2 matrix ring and hence e is a sum of two 
units in eRe. by Lemma 1.5(i) the result follows. Cl 
Next we shall improve the above theorem in the case where R is a purely infinite 
regular right self-injective ring or a purely infinite Rickart C*-algebra. 
Theorem 2.1. Let R be a purely infinite Rickart P-algebra or a pure& infinite 
regular right self-injective ring. Then 
E&(R) for every u E U(R), 
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(ii) K*(R) = 0. 
Proof. (i) Suppose first that R is a purely infinite Rickart V-algebra. Let (en} be 
a sequence of orthogonal projections all *-equivalent to 1 and V e, = 1. Fix t, E e,R 
such that 
tntn*=en, t:t,= 1 for all nil. 
Set F= an2 1 t,R. Thus F is a free right ideal of R with -As {t,). Let S be the 
idealizer of F in R. Every XE S defines by left multiplication, an endomorphism, 
9, of F. Clearly xc-)2 defines an injective ring homomorphism n : S *End&F). We 
shall identify each element of EndR(F) with its corresponding matrix in the basis 
{t 1 n l
Claim. Let P be a partition of N whose members a are finite of bounded cardi- 
nality, and set I/a = @ n EQ t, R. Suppose y E EndR (F) satisfies )J( r/a) % Va and the set 
( 11 y(tJ ii : II E N} is bounded. Then y E S. 4 
Proolf. Set e,= C,,, e,. Then {e*} is a sequence of orthogonal projections and 
V e, = 1. Now y(e,) = e, y(e,)e, is a norm-bounded family. By [2, Proposition 3, p. 
541 applied to the commuting ring of {e,}, there exists XE R such that xe, = v(e,). 
Since F=@&,e,R, we see 
Let u E U(R) and consider 
f U 
I 1 
& I . . . 
i 
1 
0 
and, we can write (as noted by Farrell and Wagoner [4, Lemma 1.13 I): 
u 
1 
u-l 
1 
0 
u^= 
Now the identity 
that 9= y as claimed. 
u=t,ut~+e, where e=V,,,,en. Thus 
0 
. *. I 
d 
u 
. . . 
which hirlds for every unit a in any ring, proves that 6~ U(EndR(F))‘. 
It follows from the claim that all involved matrices belong to 3. Hence 
and so o E W(S)% U(R)‘. 
NOW the relation 
G E U(s^)’ 
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proves (i) for Rickart C*-algebras. 
For purely infinite regular ight self-injective rings the proof goes similarly. In this 
case one uses equivalence instead of *-equivalence and we get that F is essential in 
R and, by injectivity, that S=EndR(F). Then as above the result follows. 
(ii) The result follows from (i) and [6, Corollary 1.81 or Theorem 1.2(iii). ;_3 
Corollary 2.8. If R is u purely infinite regular right self-injective ring, then U(R) is 
perfect. 
Proof. Since R w’&(R) the result follows from Theorem 2.7 and Theorem 2.2., D 
Next we shall present other arguments to prove the analogous result for purely 
infinite AW *-algebras. 
We need the following simple lemma: 
Lemma 2.9. The group of units of a Rickart P-algebra is connected. 
Proof. Let N be the component of 1 in U(R). Thus N is a clopen subgroup of U(R). 
We must prove N= W(R). Let u E U(R) and let h be the positive square root of u*u. 
Clearly uh - ’ is a unitary. Thus U(R) is generated, as group, by units lying in com- 
mutative Rickart subalgebras of R. So assume u belongs to a commutative Rickart 
subalgebra A of R. By [2, Proposition l] A is the closed linear span of its projec- 
tions, and thus it remains only to prove that a unit u of the form u = Cy=, ciei, 
where c~EC\{O} and el, . . . , e,, is a set of orthogonal projections, belongs to N. 
Since the ei’s are orthogonal we can write M = ny= 1 ((q - l)ei + I), so that we are 
reduced to the case where u = (c - 1)e + 1 9 c E C \ (0) and e is a projection. Set 
S= {cE@\{O}: (c- l)e+ 1 EN}. Inasmuch [I(1 +(c- l)e)- 11~ lit- 111, we see 
that S is a clopen subgroup of C\ (0). So S = Cc\ (0) as desired. Kl 
“Theorem 2.10. If R is a purely infinite A W*-algebra, then G&(R) = E,,(R) for all 
n > 1. In particular U(R)ab = 0. 
Proof. Fix n > 1. Let 
cr=(xi”‘X,), p= i 
0 
with a/l= 1, pa = 1,. 
xz 
So the map r-bra is a *-ring isomorphism from R to M,(R). Let us fix u E U(R). 
Suppose II u - 1 II c 1 and polar decompose it, that is, u - 1 =I h2 w, where h is 
positive and 1~ is a partial isometry. Note that 11 h II* = II u - 111 c 1. Set 
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=frl *), b=(huxl_Ihwxn), 
a%[ o ), b.=(hv 0 ) 
and note that z = 1 - a, z’- 1 -a’, t = 1 - b, t’= 1 - b’ belong to EJR) by Theorem 
2.7. We then have 
6) jIua= 1 +ab=(l +a)(1 -b)-‘(1 +ba)(l +a)-‘(1 -b), 
now 
II +ba= 1 +&a’=(1 +b’)(l -a’)-‘(1 +a’b’)(l +b’)-‘(1 -a’). 
Since 
l+a’b’= , 
by Theorem 2.7, 1 + a’bk E,(R) and we see from (a)-(b) that /?ua E E,,(R). Thus 
we have shown that the subgroup 
S= (UE U(R): fiuaEE,(R)) 
is clopen. By Lemma 2.9, S = U(R). Hence G&(R) = E,,(R) and obviously 
u(R)ab = 0. n 
Corollary 2.11, If R is any A W *-algebra, then KI (R) = U(Rjab. 
Proof. For finite type the result follows from [8, Lemma 21 and Theorem 1.3. 
For purely infinite algebras the result follows from Theorem 2.7(ii) and Theorem 
2.10. cl 
We remark that Corollary 2. I 1 for finite AW*-algebras is due to Handelman 18, 
Theorem 71. 
heorem 2.12. Let R and S be either right self-injective rings or A W*-algebras and 
let R -+S be a surjective ring homomorphism. Then the induced map U(R)+ U(S) 
is onto. 
roof. Suppose first that R is either regular or a AW*-algebra and decompose it into 
two parts R, x R2, RI with stable range 1 and R2 purely infinite. If - : R -6 is a sur- 
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jective ring homomorphism, then & x & = S. By cutting down to each part and 
noting that for rings with stable range 1 the result is clear, we are reduced to the 
case where R and S are purely infinite. Fix XE R2, y E 2R such that X;V = I and 
yx= 12. Let u E U(S). By Corollary 2.8 and Theorem 2.10, UE U(S)‘, so 
yu# E G&(S)‘. It follows from Theorem 2.2 and Theorem 2.10 that 
&(S) = GL2(S)‘. Thus we can write 
yu~= (i, y)(i “12> l g* for suitable a+R. 
It is then clear that if we set 
o is a unit in R such that 0= u. 
Let R and S be arbitrary right self-injective rings and let f: R-4 be a surjective 
ring homomorphism. Note that R/J(R), where J(R) is the Jacobson radical ?f P, 
is regular and hence S/f(J(R)) so is. Thus f( J(R)) = J(S). Let u E U(S). By the above 
there exists o E U(R) such that f(u) - u E J(S). If f(u) - u =f(r) for some IrE J(R), 
then o-r is the desired unit. Cl 
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